We obtain a new closed graph theorem which is a substantial improvement of a recent result.
In this paper we would like to give a further improvement of this recent result. For topological vector spaces X and Y , a mapping f : X → Y is said to be weakly quasi-linear if f satisfies (1), (2) and (3 ) if x n − u → 0 in X , then f (x n ) → f (u) if and only if f (x n − u) → 0.
Note that, when Y is Hausdorff, taking x n = u = 0 in (3 ) also yields (4) . Evidently, if f : X → Y satisfies condition (3), then (3 ) must hold for f . So every quasi-linear mapping f : X → Y is weakly quasi-linear. In the following, we first improve the closed graph theorem in [4] by using weakly quasi-linear mappings instead of quasi-linear mappings, and then show that the family of weakly quasi-linear mappings is a large extension of the family of quasi-linear mappings.
The closed graph theorem for weakly quasi-linear mappings
A Fréchet space is a complete metrizable linear space. However, a Fréchet space is also a separated complete paranormed space [5, p. 56 ]. 
then f is continuous.
Suppose that t n → t in the scalar field K and (2) , and since t n x n −tx 1 Let e 1 , . . . , e k be a Hamel basis for X . Let z n → 0 in X , where z n = k i=1 t ni e i . For each i k we have lim n t ni = 0, so that (4) and (2), with t = 0 and each x n = x = e i , imply that
An inductive version of (1) gives us
Therefore f is sequentially continuous at 0, and hence is sequentially continuous everywhere. Since dim X < +∞, f is continuous everywhere. 2
We have a simple fact which is helpful to our knowledge of weakly quasi-linear mappings. Suppose ϕ(x 0 ) = 0 for some x 0 = 0. Let t ∈ R and for every n ∈ N let t n = t and x n = x 0 . Then t n → t and ϕ(
Suppose that x n → ∞ and ϕ(x n ) → 0. Then
ϕ(1) = 0. As was stated above, ϕ = 0. This is a contradiction so ϕ(x n ) 0 for every x n → ∞. Conversely, suppose that both (I) and (II) hold for ϕ. Since ϕ(0) = 0 and ϕ is continuous, ϕ(x n ) → 0 when x n → 0.
Suppose that x n 0 but ϕ(x n ) → 0. By passing to a subsequence if necessary, we assume that |x n | ε > 0 for all n. If {x n } is bounded, then there is a subsequence x n k → x with |x| ε and ϕ(x) = lim k ϕ(x n k ) = 0, a contradiction. If {x n } is not bounded then there is a subsequence x n k → ∞ and lim k ϕ(x n k ) = lim n ϕ(x n ) = 0. This is also a contradiction and so ϕ(x n ) → 0 implies x n → 0. Thus, ϕ(x n ) → 0 if and only if x n → 0.
If ϕ(x n ) → 0 and ϕ(u n ) → 0, then x n → 0 and u n → 0 so x n + u n → 0 and ϕ(x n + u n ) → 0. Thus, (1) holds for ϕ. If ϕ(x n − x) → 0 and t n → t in K, then x n − x → 0 so t n x n − tx → 0 and ϕ(t n x n − tx) → 0. Thus, (2) holds for ϕ. Let 
Obviously, condition (II) of Proposition 2.2 is much weaker than (II) of Proposition 1.4 in [4] . So condition (3 ) is much looser than (3) and it becomes very easy to find weakly quasi-linear mappings which are not quasi-linear.
We would like to say that the family of weakly quasi-linear mappings is an important object in analysis because if (X, · ) is a normed space and · = 0 then the norm · : (X, · ) → R is not quasi-linear and so not linear but it must be weakly quasi-linear. 
If · = 0 then (3) fails to hold for f . To see this, pick an x ∈ X for which x > 0. Then
Many Banach spaces contain a copy of (c 0 , · ∞ ) or ( 1 , · 1 ) or a reflexive Banach space. Hence, linearly homeomorphic embedding T : X → Y happens frequently. Especially, for every complex Banach space X and every continuous linear 
